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Let s and u be nonconjugate elements of a finite group and let a, b, and c be 
complex numbers, ab # 0. Groups satisfying ax(s) + bX(u) = c for every non- 
principal irreducible character X are completely classified. They are the 
PsL(2,2”), n > 2 and some solvable group of derived length at most 3. 
I. INTRODUCTION 
In this paper we completely characterize finite groups G with the following 
property: There exist nonconjugate elements s and II of G and complex numbers 
a, b, and c, ab # 0, such that 
aX(s) + bX(u) = c (1) 
is satisfied by every irreducible character of G (Section 3). We also show that if 
(1) is satisfied by every nonprincipal irreducible character of G, but not by the 
principal character, then either ( G / divides 6 or conditions of [3, Theorem 31 
are satisfied (Section 2). Consequently, groups satisfying condition (1) for every 
nonprincipal irreducible character are completely classified (Section 4). They 
are the PSL(2,2”), n >, 2 and some solvable groups of derived length at most 3. 
The following nonstandard notation is used throughout this paper. The letter 
G denotes a finite group. Its center is denoted by Z(G) and its Hall 2-subgroup 
(2’-subgroup, if it exists) is denoted by S’s (Sat). The corresponding Hall sub- 
groups of a subgroup Q of G are denoted by S,(Q) and S,(Q). The order of S, is 
denoted by 1 G, 1 . We say that G satisfies (1) for every character in a set T if 
there exist nonconjugate elements s and u of G and complex numbers a, b, and c, 
ab # 0, such that (1) is satisfied by every X E T. The orders of G and G’ (the 
commutator subgroup of G) are denoted by g and g’, respectively. Let s = $r , 
sa ,..., s, be elements of G. Then / s 1, C,(s), c(s), and Cl,(s, ,..., sn) stand for the 
order of s, the centralizer of s in G, its order, and the union of conjugacy classes 
of s1 > s2 ,.“, s, , respectively. The number of distinct conjugacy classes of G is 
denoted by k(G). We use the letters 2, Q, Q’, and C for rational integers, rational 
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numbers, positive rational numbers, and complex numbers, respectively. We 
denote by 1 both the identity of G and that of C; the nonidentity elements of G 
are denoted by G#. We use the notation lo, Irr G, Irr* G for the principal 
character of G, the set of irreducible characters of G (over C), and the set of 
nonprincipal irreducible characters of G, respectively. The summation signs 
2 and C* always run over Irr G and Irr# G, respectively. We use the following 
abbreviations: w.1.o.g. for without loss of generality and O.R. for the ortho- 
gonality relations between irreducible characters. The symmetric group on 3 
letters is denoted by Sym (3), and Qs stands for the quaternion group of order 8. 
Results from [6] are frequently quoted. We refer to a Theorem (or Lemma) 
.~.y from [6] by means of Theorem A 8.y. 
2. PRELIMINARY RESULTS 
In this section it is assumed that G satisfies (1) for every X E Irr# G. In 
Proposition 1 the case k(G) < 3 is settled. The main result is Proposition 2, 
where it is shown that if k(G) > 3, then w.1.o.g. we may assume that s = 1 and 
either a + b = 0 or a -t b = c. 
PROPOSITION 1. Suppose that G satisfies ( 1)for every X E Irr# G and h(G) < 3. 
Then one of the following statements holds: 
(a) g=2,G={s,u},says=1,a-b=c. 
(b) g = 3, G# = {s, u), a = b = -c. 
(c) G~Sym(3),w.Z.o.g.s=l,/uj=2,c=2a=-2b. 
(d) G s Sym (3), w.Z.0.g. s = 1, ) u 1 = 3, a = 26, c = 36. 
(e) G z Sym (3), w.2.o.g. j s / = 2, j u 1 = 3, a = 2b, c = -b. 
Proposition 1 is proved by inspection. 
PROPOSITION 2. Suppose that G satisfies (1) for every X E Irr# G a&k(G) > 3. 
Then the following statements hold: 
(a) 1 E {s, u}, say s = 1; 
(b) b/u, C/U E Q - (0); hence X(U) E Z for every X E Irr G; 
(c) either (i) a + b = 0, OY (ii) a + b = c, b/u, c/a EQ+ and there exists 
X, E Irr# G such that X,(l) = X,(U) = 1. 
Proof. By (1) and the O.R. if x E G - Cl,(s-l, u-l) then 
0 = c (ax(s) + bX(u)) X(x) = a + b + cc” X(x). (2) 
Ifc=O,thenby(l)and(2),X(s)=X( )f u or every X E Irr G, a contradiction. 
Thus c =k 0. Let t E Ga - Cl,(s-l, U-‘) and suppose that 1 $ {s, u}. The existence 
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of t follows from k(G) > 3 and (2) yields X(t) = X(1) for every X E Irr G, a 
contradiction. 
Thus we may assume w.1.o.g. that s = 1 and a = 1. Consequently, (1) and (2) 
become 
X( 1) + bX(u) = c, (3) 
and 
p X(x) = -(1 + b)/c. (4) 
It follows by (3) that X(u) is a real number and another application of O.R. 
yields 
C” X(u) = -(1 + b)/c + bc(u)/c. (5) 
Now (4) and (5) imply that (1 + b)/c, bc(u)/c E 2 thus proving (b). 
Let X, E Irr# G be of minimal degree x, . Suppose that x, > c. By (3) and 
the O.R. X(U) < 0 for every X E Irr# G, yielding C(U) = 2 and x^,, = 1. As 
g > 2, G is a Frobenius group with an irreducible character of degree 2 vanishing 
on u; hence by (3), c = 2, in contradiction to x, > c. Thus c > s, 3 1 and 
either b = -1 or / 1 + b j 3 c as (1 + b)/ c is an integer. In the latter case the 
fact that / X,(U)/ = i(c - x,,)/b / > 1 yields 
hence x, = 1, b > 0, c = 1 + 6, and X,(U) = 1. 
3. EVERY XE Irr G SATISFIES (I) 
This section is devoted to the characterization of groups for which the title 
holds. 
THEOREM 1. Suppose Qzat G satisJies (1) for every X E Irr G. Then 1 E {s, u>, 
say s = 1, a + b = c, and G satis$es one of the following statements: 
(a) G = S,, x S, , G’ = (1, u}. 
(b) G’ = (1, CM4 is elementary abelian of order pd 2 3, Co(u) = 
Z(G) x G’, and G/C,(u) is cyclic of order pd - 1, acting frobeniusly on G’. 
(c) G’ s Q8 , Cl,(u) consists of the 6 elements of G’ of order 4, G” = 
Z(G) n G’ is of order 2 and G/Z(G)G’ is of order 3 and acts frobeniusly on G//G”. 
Conversely, every group of type (a), (b), or (c) satisfies (1) for every X E Irr G 
with respect to s = 1 and u as described. 
Proof. Suppose first that k(G) ,( 3. Then by Proposition 1 G G Sym (3) 
and w.1.o.g. s = 1 and / u j = 3. Thus G is of type (b). 
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So suppose from now on that K(G) > 3. By Proposition 2 we may assume 
w.1.o.g. that s = 1, a = 1, and (1) becomes 
X(1) + bX(u) = 1 + b, (6) 
with b E Qp. 
Let X E Irr G; since X(U) E 2, one of the following holds: 
(i) X(1) = X(U) = 1, 
(ii) X(1) = 1 + b, X(u) = 0, or 
(iii) X(1) > 1 + 2b, X(u) < -1. 
Consequently, K - Cl,(u) is a subset of G’. 
Define now 
H = n {ker X ( X E Irr G, X(1) # 1 + b}. 
Then H c G’ and by the 0. R., H n K = @ and every element of G’ - K 
belongs to H. Thus 
G’=HvK and HnK== m. (7) 
Now we introduce some new notation. We use the bar convention for images 
in G/H. The order of H is denoted by h and c(a) E 1 Cc(a)j. The subscripts G 
and G are dropped from Co(u) and Cc(a). Following [6], we say that a group F 
is an a.c.m-group if every nonlinear irreducible character of F is of degree m. 
G is called an A-group if it is solvable and every Sylow subgroup of G is abelian. 
By (7), G’ = G’/H is a minimal normal subgroup of G; hence, it is an 
elementary abelian p-group of order pd. The definition of H together with 0. R. 
yield I Cc(a)1 = C(U). S ince / K 1 = g/c(u), it follows by (7) that 
g/h = c(u)(pd - 1) = C(U)(Pd - 1). (8) 








X Wh)x;(l(~in’N (1 + Wd - 1) _ l+b 
pa-l-b pd.-l-b 
D 1 +b 0 
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Characters of types L and X contain H in their kernels, and characters of type D do 
not contain H in their kernels. 
Proof. Let X E Irr G, X(1) > 1. Then 
(XI& , I&)& = 0 = X(I) + (p” - 1) X(u). 
Thus X(U) f 0 and the lemma follows by (6) and the definition of H. 
From now on X (D, L) denotes a character of type X (D, L), unless stated 
otherwise. 
LEMMA 2. Suppose that X(I) > pd. Then h = 1, g’ = p* = 2, u E Z(G) n G’, 
X( 1) = 2” 2 2, and G = S, x S,, . Conversely, any such group satis$es (1) for 
every X E Irr G with respect to {s, u} = G’. 
Proof. As X(I) > pa = ( G’ 1, Lemma 1 together with Lemma A.3.3 yield 
G’ _C Z(@). Hence by (8) 
c(u) = g/h, p* = 2 and X(1) = -X(U) = (1 + @/(I - b). 
Thus b 6 2, G has no irreducible characters of type D and consequently h = 1, 
g’ = 2, and u E Z(G). Moreover, as u E G’, X(1) is even. It follows then by 
Theorem A.3.l(i) that X(1) = 2” and S, is nonabelian; hence 1 Sa’ ) = 2. By 
Lemma A.3.2, G has a normal abelian S,, subgroup, yielding G = Sa x Sa, . 
Conversely, by [5, Lemma 2.31, any such G is an a.c.2e-group for some e > 1. 
If X E Irr G, then either X(1) = X(U) = I or X(1) = -X(U) > 1. Thus every 
X E Irr G satisfies (1) with respect to s = 1 and u. 
LEMMA 3. Suppose that X(1) <pd. Then X(1) = pa - 1, X(U) = -1 
and p* = 2(1 + b). 
Proof. Lemma 3 follows from the fact that X(1) = (-X(U))(~& - 1) 
(Lemma 1) and 1 X(u)1 is a positive integer. 
LEMMA 4. Suppose that X( 1) < p* and h = 1. Then the following statements 
hold: 
(i) C(U) = Z(G) x G’, G’ I e ementary abelian of order p* > 3, and 
(ii) G/C(u) is cyclic of order pa - 1 and it acts frobeniusly on G’. 
Conversely, every group G for which (i) and (ii) hold satis$es (1) for every 
X E Irr G with respect to s = 1 and any u E G’#. 
Proof. As h = I, G is an a.c. (p* - I)-group and g’ = p” > 3. By 
Theorem A.3.l(ii) G has a normal abelian subgroup A such that G/A is cyclic 
of order p* - 1. Since by (8), g/c(u) = p* - 1, it follows that A = C(u). Now 
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by Theorem A.3.l(i) G is an A-group and [4, Theorem VI.14.61 implies 
A = Z(G) x G’. Since G’s = Cl,(u), G/A acts frobeniusly on G’. 
Conversely, suppose that G satisfies (i) and (ii). Clearly, we may assume that 
u E G’-#. By Theorem A.3.1, G is an a.c. (p” - I)-group. Let X E Irr G, 
X(1) = pd - 1; X has no principal components when reduced to G’; hence 
X(U) = -1 and choosing s = 1, (1) holds for every X E Irr G, with 
b = (p” - 2)/2. The proof is complete. 
From now on we assume that X(1) < pd and h # 1. It follows by Lemmas 1 
and3thatp=2,1+b=2d-l,and2d),4. 
Let C(U) = Q/H. As 2d > 4, k(e) > 3 and it follows by Lemma 4 that 
C(u) = Q/H = (F/H) x (G’/H) (9) 
withF/H = Z(c) and ~/C(U) is a cyclic group of order 2d - 1, acting frobeniusly 
on G’IH. 
LEMMA 5. (i) Y is a nonlinear irreducible character of Q ;f and only if 
Y = D jQ . Thus Q is an a.c. 2”-l-group. 
(ii) Q’ = H. 
(iii) Q = S, x S,,(Q), S,,(Q) is abeE&. 
Proof. Let YE Irr Q, Y(1) > 1 and let 2 be an irreducible constituent of 
YG. Then Y is a constituent of 2 lo and Y(1) ) Z(1). By Lemma 1 and (9), Z 
is of type D; hence Z(1) = 2d-1. Thus 2d-’ 1 Y(l)(2d - 1); hence Y(1) = Z(1) 
and Y = Z 1 o . Conversely, D j o has no linear constituents since G/Q is cyclic 
of odd order (see [I, 9.10 and 9.121). Thus D ja~IrrQ and (i) follows. 
Since all Y E Irr Q with Y(1) > 1 vanish on u and 1 G/Q 1 = 2d - 1, we get 
by (8) 
I Q/Q’ I = I C&l = 44 = I Q/H 1. (10) 
Thus by (9) Q’ = H, proving (ii). 
Finally, by (i) and Theorem A.2.5(iii), S,,(Q) is an abelian normal subgroup 
of Q. Suppose that S, +Q; then by (ii) ] H n S,,(Q)\ # 1. However, by 
Theorems A.3.1 and A.3.5 there exists an abelian normal subgroup A of Q 
containing H satisfying 1 Q/A ) = 2d-1 < 1 G’/H 1. Thus A n G’ (l H; hence 
bY Ph 
I HI = I Q l/c(u)i Zd-‘, 
a contradiction. Consequently S, 4 Q and the proof of Lemma 5 is complete. 
LEMMA 6. H L Z(G) and H is elementary abelian. 
Proof. Suppose that Q has a normal abelian subgroup A of index 2d-1. Then 
A A G’ Q H and consequently / Q/H 1 = c(u) > / Q //2d-1. Hence h < 2d-1 
and by Lemmas A.3.3 and S(ii), H C Z(Q). It follows by Theorems A.3.7 and 
481/47/I-11 
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A.4.4 and by Lemma A.5.4 that H C Z(Q) unconditionally and H is elementary 
abelian. Since H _C ker Y for every YE Irr G, Y not of type D, it follows by 
Lemma 5(i) that H C Z(G). 
LEMMA 7. Q = FG’, F n G’ = H, G’ c C,(F), and G/Q acts triwially on 
F/H and frobeniusly on G’IH. Moreover, G’ is nonabelian. 
Proof. By (8) and (9) it suffices to prove that G’ _C C(F) = C,(F). But 
F/H = Z(G/H) and by Lemma 6, H C Z(G) and H is an elementary abelian 
2-group, so G/C(F) is of exponent 2; hence G’ C C(F), as required. 
LEMMA 8. d=2,h=2,G’zQ8,andH=G”. 
Proof. As G/Q is cyclic of odd order, let G = (Q, y) with y of odd order. 
Then (y) n Q centralizes G’, hence T = (y)/(y) n Q acts on G’, j T 1 = 
2” - 1. Since T acts frobeniusly on G’/H, it follows that [G’/H, r] = G’/H. As 
G’ is nonabelian and G’ = H u ClG( u , every abelian characteristic subgroup of ) 
G’ is contained in H _C C,,(T). Thus by [4, Theorem 111.13.61, G’ is a nonabelian 
special 2-group. Clearly, H = Z(G) = G” = @(G’) and T acts trivially on H 
and irreducibly on G’/H. So by [2, Th eorem 5.6.51, 2d - 1 divides 2’ + 1 for 
some integer r < d/2. Since d > 1, d = 2. Thus G’ is generated by two elements; 
hence 1 H 1 = ) G” / = 2. Finally, as G’ = H u Cl,(u), G’ g Qs . 
LEMMA 9. F = Z(G). 
Proof. By Lemma 7, Q = FG’ is a central product ofF and G’. Since Q has no 
irreducible characters of degree larger than 2, it follows by [2, Theorem 3.7.21 
that F is abelian; hence F C Z(Q). But G/Q is of odd order and G/C,(F) if of 
exponent 2; hence F C Z(G). As Z(G) ZF, the lemma follows. 
In view of Lemmas 2, 4, 7, 8, and 9, in order to complete the proof of 
Theorem 1 it suffices to show that groups of type (c) satisfy (1) for every 
X E Irr G with respect to s = 1 and any u E G’ of order 4. Since Qs has a unique 
irreducible character of degree 2, the inertia group T(Y) of a nonlinear irreducible 
character Y of Z(G)G’ in G is equal to G. Thus irreducible characters of G are 
of degree 1,2, or 3 only. Linear characters of G certainly satisfy (1). If X E Irr G, 
X(1) > 1, then X lG, has no principal constituents. As X is constant on elements 
u of G’ of order 4, X(U) = 0 if X(1) = 2 and X(U) = -1 if X(1) = 3, as 
required. The proof of Theorem 1 is complete. 
4. EVERY X~1rr+ G SATISFIES (1) 
In view of Theorem 1, in order to classify groups satisfying (1) for every 
X E Irr# G it suffices to deal with groups which do not satisfy (1) for 1 G . 
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THEOREM 2. Suppose that G satisfies (1) for every X E Irr+ G, but 1 G does 
not satisfy (1). Then either 2 < k(G) < 3 and G is as described in Proposition 1, 
parts (a), (b), (cl, and ( e , or k(G) > 3, 1 E (s, u}, say s = 1, a + b = 0, c/a = ) 
1 G I2 = 2”, u is an involution and one of the,following holds: 
(a) G = (u)N, with N an abelian normal subgroup of G and (u) = C,(u), 
Or 
(b) G r PSL(2,29, n > 2. 
Conversely, all groups mentioned satisfy (1) with respect to s = 1 and u an 
arbitrary involution. 
Proof. Theorem 2 follows immediately by Propositions 1 and 2 and from 
[3, Theorem 31. 
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